We study collective effects in an inhomogeneously broadened ensemble of two-level emitters coupled to an optical cavity with narrow linewidth. Using second order mean field theory we find that the emitters within a few times the cavity linewidth exhibit synchronous behaviour and undergo collective Rabi oscillations and superradiant decay. Under proper conditions, the synchronized oscillations give rise to a modulated intracavity field which can excite emitters detuned by many linewidths from the cavity resonance. To study the synchronization in further detail, we simplify the model and consider two ensembles and study the output spectrum from the cavity when the emitters are subjected to an incoherent drive.
I. INTRODUCTION
There has been significant progress in the study of optical emitters in solids like NV centers in nanodiamonds [1, 2] , rare earth ions doped in crystals [3, 4] , quantum dots in nanoscale semiconductors [5] etc. The scientific effort in the last decade has been dedicated equally towards investigating spectral properties of these systems [6, 7] and also interfacing light with these systems using an optical cavity [8] [9] [10] . Advancements in this domain include superradiance with NV centers [11, 12] , proposals for scalable quantum computing architectures [13] [14] [15] [16] , Purcell enhanced decay [17, 18] , stable single photon sources [19, 20] etc.
Due to interaction with the host environment, emitters in solids may suffer from vast intrinsic inhomogeneous broadening, which makes it difficult to observe coherent effects [21] . For systems like doped crystals or NV centers, the transition frequencies of all the emitters span across few GHz broad spectra [6, 7, 22] , while the linewidth of optical cavities range from few hundreds of kHz to few GHz. The vast inhomogeneity poses both a theoretical and an experimental challenge for the study of coherent light matter interactions and for implementing these emitters for quantum computing applications.
Inhomogeneous systems, however, also offer the possibility for qubit encoding in frequency space [14] [15] [16] for multi-mode quantum memories and they sometimes give rise to interesting physics like synchronization [23, 24] , quantum phase transition [25] [26] [27] , many body localization [28] etc. Synchronization is an old classical phenomenon and has been reported in plethora of systems in diverse fields ranging from optomechanical arrays [29, 30] , cold atomic ensembles [23] in quantum optics to fireflies and pendula in non linear dynamics [31] .
In this paper, we study the synchronization dynamics of an inhomogeneously broadened ensemble of two- * e-mail:kamanasish.debnath@phys.au.dk level emitters coupled to an optical cavity, subjected to a coherent drive. There has been studies both theoretically [32] [33] [34] and experimentally [35, 36] in the past on inhomogeneous systems coupled to a cavity, but a majority of them concentrated on the case where the cavity linewidth was larger or similar to the inhomogeneous linewidth of the emitters. In our case, we consider the opposite regime where the inhomogeneous broadening is much larger than the linewidth of the cavity, at least by one order of magnitude. Systems which fall in this regime include NV centers and different species of rare earth ions doped in host crystals. For controllable test studies, ultracold atoms in very high finesse optical cavity may be spectrally broadened by an inhomogeneous magnetic field [35] . In addition, the Doppler broadening naturally induces inhomogeneous effects in atomic gases [37, 38] . We find that a large group of emitters with frequencies within several linewidths of the cavity resonance display synchronized behaviour and perform collective Rabi oscillations. The frequency of these oscillation depends on the number of emitters within the cavity linewidth and the light-matter coupling. In the presence of a large number of emitters, this collective behaviour generates a strongly modulated field inside the cavity which, under the right conditions, is capable of exciting a select group of emitters, resonant with the corresponding sideband to the bare cavity mode.
Finally, we investigate the synchronization effect in the case when the emitters are subjected to an incoherent drive. We simplify the emitters to two ensembles and study the output spectrum of the system and verify that the synchronization persists under incoherent drive and is robust against emitter imbalance in the ensembles.
The paper is arranged as follows. In Sec. II we describe the model followed by a brief description of the numerical approach used for the simulations. We present results of our calculations in Sec. III, where we first consider the complete model and explain the observed results with semi analytical arguments and then we study a simplified toy model, which confirm the synchronous behaviour and calculate the output spectrum using the quantum regression theorem. We conclude in Sec. IV with an outlook on the possible impact of the results on future experiments.
II. MODEL
We consider a collection of two level emitters whose inhomogeneous broadening Γ inh is larger than the linewidth κ of the optical cavity to which they are coupled (i.e. Γ inh > κ) as shown in Fig. 1 . We consider a general model which can be applied to a variety of inhomogeneous systems. Defining ω i a as the transition frequency and g i as the coupling of the i th emitter with the cavity mode, the Hamiltonian of the system of N emitters can be written as ( = 1 throughout the paper) 
where γ, Γ are the decay and dephasing rate of the individual emitters respectively. The superoperator is defined as:
Throughout this paper we shall use parameters which are relevant to systems like Eu 3+ ions in Y 2 O 3 [7] . The homogeneous linewidth of the emitters in Eu 3+ doped crystals vary from few kHz [7] to few MHz [4] and typically depends linearly on the temperature [6] . Due to computational advantage, we prefer to choose a high value of the decay rate and consider γ/2π = 2 MHz. We choose the coupling to be g/2π = 1.6 kHz and an optical cavity of linewidth κ/2π = 160 kHz. This is smaller than the parameters chosen in experiments [7] to address all the emitters in the GHz broadened spectrum, while in the present paper we address the question of how a GHz broadened ensemble behaves in a narrow linewidth optical cavity. The inhomogeneous broadening reported in experiments [7] was 22 GHz, however, we initially restrict our calculations to Γ inh = 10κ ( 1.6 GHz) following a Gaussian distribution with mean ω c and standard deviation 10κ. We extend the study for a peaked distribution, where the number of emitters with detuning ∆ is proportional to 1/|∆| with Γ inh = 100κ ( 16 GHz) in Appendix A, where ∆ = (δ c − ω i a ). These parameters are also compatible with the optical transition for NV centers [11] , however, their complex level scheme due to phononic sidebands at room temperature [39] may not be well described by a model using two-level systems.
We consider N = 10 8 emitters in our model. Solving Eq. (2) for the full density matrix of the many emitters is impossible, and we treat the model by discretizing the inhomogeneous distribution into k = 220 frequency classes with N k = (10 8 /220) ≈ 4 × 10 6 emitters in each frequency class. Further, we assume each frequency class to have identical and non distinguishable emitters and we employ a second order mean field theory to describe the dynamics of the system. From Eq. (2), we calculate the equation of motion for the mean intracavity photon number a † a , which couples to the correlations between the cavity and the emitters aσ i + , which in turn couple to the correlation between the emitters in different frequency classes i.e. σ k + σ k − . These second-order correlations, in turn, couple to third order correlations resulting in the hierarchy of equations. In order to truncate this hierarchy of equations, we approximate any third-order correlations by products of the lower-order correlations:
The set of equations is reported in Appendix B. We integrate these equations to study the dynamics of the system.
One can argue to employ a first order mean field theory with the approximation AB ≈ A B to describe the dynamics [38] . However, such an approximation neglects the correlations between emitters in each frequency class and also between emitters in different frequency classes mediated via the cavity mode, which is a crucial component of this study. The maximum practical number of frequency classes that can be simulated with our code parallelized on GPUs is approximately 220. Our aim to investigate the dynamics of ensembles with frequencies both inside and outside the cavity linewidth restricts Γ inh of our Gaussian distribution to about one order of magnitude beyond the cavity linewidth.
III. RESULTS
In this section, we discuss the collective response of the inhomogeneously broadened ensemble upon driving. First, we consider the case when the cavity is subjected to a coherent drive and we investigate the transient dynamics and superradiant emission. We apply a strong square pulse of duration t prep = 0.2 µs resonant with the cavity frequency to excite the cavity and the emitters from their ground states, and subsequently, we study the exchange of energy between the emitters and the cavity followed by their decay. In the next subsection we simplify the model and consider the case when the emitters are subjected to an incoherent drive leading to a steady state emission. We study the emission spectrum to confirm the synchronization effect.
A. Transient Synchronization
We initially consider the case when the single emittercavity coupling g/2π = 1.6 kHz. Fig. 2(a) shows the dynamics of single emitter in different frequency classes. The results are the same for negative as for positive ∆. The cavity linewidth is marked with the horizontal green dot-dashed line in the figure and the vertical white dotdashed line marks the end of the excitation pulse t prep . For t ≤ t prep , as evidenced by the homogeneous bright and dark regions well beyond the cavity linewidth κ in Fig. 2(a) , the emitters exhibit synchronous behaviour. After the drive is turned off at t = 0.2 µs, the energy remaining in the emitters oscillates back and forth to the cavity mode until it is gradually lost. Just after t prep , we also observe a peculiar, non synchronized excitation of the emitters (shown within the green rectangle) in a detuning region far beyond the green dot-dashed line at ∆/2π ≈ 4 × 10 6 Hz. This structure, and the feature in the upper part of the figure are explained later in the text.
In Fig. 2(b) , we plot the intracavity photon number for the same parameters as in Fig. 2(a) . During the driving pulse we observe a complex oscillatory evolution of both the excitation of the emitters and the photon number. The collective emitter-cavity coupling is g √ N , where N is the number of emitters collectively coupled to the cavity mode. When this coupling exceeds the cavity decay rate κ, the photons emitted after t prep can be coherently reabsorbed multiple times by the emitters before leaking out of the cavity. This leads to damped Rabi oscillations after the preparation pulse is switched off. This was recently observed with trapped ultracold atoms in an optical cavity [35] .
Let us denote the frequency of the Rabi oscillations by Ω. These oscillations are damped at the decay rate κ of the cavity mode. The frequency Ω can be estimated from the period of the oscillations ∆t (shown with orange dot-dashed lines) as Ω/2π ≈ 1.5 × 10 7 kHz. This acts as an intensity modulation of the intra-cavity field and thus provides sidebands to its carrier frequency which exceed far beyond the cavity linewidth. The generation of these new frequency components detuned by ±Ω naturally raises a question of whether they may interact with and excite emitters at those frequencies, i.e. with ∆ = Ω.
To investigate the behaviour of an emitter with detuning near the frequency Ω, we subject a two level system to a decaying field amplitude of the form a = a 0 e −(iΩ+κ/2)t , where a 0 is the mean cavity field extracted from our numerical solution at t = t prep ,
The solutions of these equations have been used to extend the contour of Fig. 2(a) for ∆/2π ≥ 4 × 10 6 Hz and t ≥ t prep . We find that the emitters resonant at the frequency Ω indeed get excited by this transient cavity field. This means that the peculiar non-synchronized excitations observed after t prep for ∆/2π ≈ 4 × 10 6 Hz are due to the intensity modulated cavity field driven by the synchronized component of the ensemble. We further verified (not shown here) that Ω increases with increasing number of emitters per frequency class, leading to a shift of the far detuned excitations.
We used the simple ansatz of classical driving of the far-off resonant emitters to explain dynamics beyond the frequency sampled by our discrete frequency bins. In principle, nothing restrains us from investigating frequency distributions, which would include both synchronized emitters near resonance and far detuned ones in the full second order theory. Such a calculation is shown in Appendix A where we consider a frequency distribution where N k (∆) ∝ 1/|∆| which allows us to use second order mean field theory in the range −100κ ≤ ∆ ≤ 100κ. Our simulations confirm that the synchronization of the collectively coupled emitters persists and the resulting intensity modulation excites emitters far from the cavity resonance.
The synchronization between the emitters is still preserved in the presence of dephasing as shown in Fig. 2(c) . For a single emitter-photon interaction, presence of dephasing is known to hinder efficient transfer of energy between the emitter and the photon. The same can be observed in this case also from Fig. 2(d) where dephasing leads to the fast damping of the intracavity photon number, thereby limiting the generation of the cavity sidebands at frequency ±Ω. This also explains why the features observed in the previous case are missing here.
In Fig. 2 (e) and (f), we consider the case when the coupling is reduced to g/2π = 16 Hz and Γ = 0. The Purcell enhanced decay rate, given by Γ c = g
, in this case, gets reduced by four orders of magnitude. The synchronization effect is still observed in this case for all the frequency classes with detuning within the cavity linewidth, but the reduction in the effective Rabi frequency by two orders of magnitude explains the absence of Rabi oscillations in the emitter excitations in Fig. 2(e) and intracavity photon number in Fig. 2(f) . The absence of the Rabi oscillations prohibits the generation of the frequency modulated cavity field, which explains why the features observed in Fig. 2(a) for far detuned emitters are missing in the low g regime.
To further study the dynamics of the emitters and their synchronized behaviour, we plot the population inversion for emitters in selected frequency classes in Fig. 3 . The dynamics of the emitters at resonance with the cavity frequency (∆ = 0, shown with orange bold line) is synchronized with those with ∆/2π = ±6.366 × 10 3 Hz (shown with black dot-dashed lines). As ∆ exceeds κ, the dynamics slowly starts deviating from synchronization (∆/2π = ±1.751 × 10 5 Hz, shown with green bold lines). The abrupt increase in the excitation energy for emitters with ∆/2π = ±2.705 × 10 6 Hz just after t prep is due to the amplitude modulation of the cavity field at that frequency .
B. Steady State Synchronization
The previous section dealt with transient synchronization, when an inhomogeneous ensemble of emitters is subjected to a coherent drive. One may also be interested in the case when the emitters are incoherently pumped, which leads to a steady state emission (lasing) [40] [41] [42] [43] . If the synchronization effect holds also for the driven-dissipative case, one may observe narrow linewidth lasing with an inhomogeneous ensemble because synchronization causes emission at a single, common frequency. We introduce incoherent excitation of the emitters with rate η and the Master Eq. (2) gets modified Fig. 2 (a) .
spectrum of the steady state radiation field, we simplify the model to two ensembles A and B, with N/2 emitters and transition frequency ω A and ω B respectively.
In Fig. 4(a) , we plot the steady state intracavity photon number a † a s.s as a function of detuning and pump intensity. The detuning is varied in two ways: In Fig. 4(a) , we fix one ensemble at the cavity resonance frequency (ω B = ω c ) and vary the transition frequency of the other ensemble, while in Fig. 4(b) , we vary the transition frequencies of both ensembles symmetrically around the cavity frequency. In both cases, for low detuning, the synchronized lasing emerges at a sufficiently high pumping η, while beyond a certain maximum η, the intensity drops abruptly due to a saturation effect [44] . For a range of detunings, extending beyond the cavity linewidth, the ensembles are synchronized and all N A + N B emitters contribute to an enhanced photon emission, as evident from the bright regions around η/2π = 10 7 Hz in Fig. 4  (a) and (b) . However, beyond a certain detuning limit, the synchronization breaks and the ensembles behave independently, leading to a reduction (disappearance) of the steady state photon number, when one (both) ensemble(s) are far off resonance, c.f Fig. 4(a) (panel (b) ).
The synchronization effect is also apparent in the output spectrum of the emitted field. To calculate the spectrum, we introduce an oscillator with a frequency ω f and linewidth κ f , coupled very weakly to the cavity of interest with Hamiltonian
, and subject to a damping term κ f D[f ]ρ. We require G to be small and κ f to be smaller than the narrowest features that we want to resolve. The spectrum can be determined by calculating f † f for different values of ω f . This procedure is equivalent to the quantum regression theorem and can be effectively incorporated in our second moment mean field equations as demonstrated in [44] .
In Fig. 4 (c) we show the spectrum of the emitted signal for different values of detuning with one ensemble maintained at resonance to the cavity. The spectrum reveals a single peak confirming that both ensembles are synchronized, and it is interesting that detuning one ensemble by as much as 1.59 × 10
6 Hz does not shift or modify the symmetry of the frequency spectrum. When the detuning of one ensemble gets very large, the synchronization breaks and we observe the spectrum due to the resonant emitters (half of the total number).
IV. CONCLUSION
To summarize, we have studied the interaction of inhomogeneously broadened ensemble of emitters coupled to an optical cavity with linewidth smaller than the inhomogeneous broadening. The parameters chosen are consistent with recent experiments with rare earth doped crystals. We showed that the emitters within the cavity linewidth can show synchronous behaviour leading to superradiant decay. This was also reported in the experiments with NV centers [11] . When the effective coupling between the emitters and the cavity is larger than the cavity decay rate, the Rabi oscillations lead to the generation of a strong intracavity field with frequency sidebands at ±Ω. The sidebands can in turn interact resonantly with emitters and we further verified that Ω can be varied by changing the number of emitters in each frequency class. Our results can be experimentally verified with numerous solid state systems like rare earth ion doped crystals coupled to a fibre based optical cavity. For cleaner systems like ultracold atoms high magnetic field gradients may mimic the inhomogeneous broadening. In atomic gases, the inhomogeneous broadening naturally exist due to the Doppler broadening.
We verified that the transient synchronous behaviour is retained under steady state conditions in the presence of an incoherent drive. The spectrum of the output field re-vealed a single central peak confirming that all the emitters oscillate at a central resonant frequency. In a realistic experiment, the coupling strength between an emitter and the optical cavity is expected to be inhomogeneous. Theoretically, this can be modelled either by considering different classes with inhomogeneous coupling or by considering varying number of emitters in each ensemble, N k , since the effective coupling is given by g √ N k . We have addressed this by investigating the effect of imbalance of emitters in each ensemble and found no observable effect, confirming that the synchronous behaviour holds also in the presence of inhomogeneous coupling. In the main text, we modelled the inhomogeneity Γ inh as a normal distribution, which restricted us to Γ inh ≤ 10κ. Here, we consider frequency classes distributed as N k (∆) ∝ 1/|∆|, where N k is the number of emitters in each frequency class k. We initialize the system by driving the cavity with the same pulse as in the main text, and study the dynamics of the single emitter in each frequency classes.
In Fig. 5(a) , we plot the excitation of the single emitters in different frequency classes as a function of time and we find that the synchronization effect persists. The intracavity photon number is shown in Fig. 5(b) and is compared with the case when the distribution was Gaussian with the parameters used in Fig. 2(a) (green dotdashed lines). In addition, excitation of far detuned emitters due to the intensity modulation is also prominent for the emitters with ∆ ≈ 1.5 × 10 7 Hz. Unlike Fig. 2 in the main text, all emitters here are described by the second order mean field theory. The synchronization effect is also evident in Fig. 5(c) , where we have plotted population inversion for selected horizontal sections in Fig. 5(a) .
Appendix B: Second order mean field equations
The Hamiltonian of N emitters coupled to an optical cavity is given by Eq.(1). Since solving the Master equation exactly is impossible, we approximate the system by discretizing the inhomogeneous spectrum into k = 220 ensembles with N k identical emitters in each ensemble.
The Hamiltonian can thus be written as
We assume that all the emitters in each frequency class are identical with same transition frequency ω i a and coupling strength g i . Hence, for simplicity, we drop the superscript i and retain only k, which labels the frequency class (or ensemble) k to which it belongs. The mean field equation for any operatorÔ can be calculated using
whereρ is given by Eq. (2) plus an additional term due to the incoherent drive explained before. We begin with the equation for the mean intracavity photon number
where σ k ± represent the Pauli operators describing the emitters in the k th frequency class. The equation for the mean intracavity photon number couples to the mean cavity field a , which is given by
whereω c = δ c −i(κ/2). In addition, we would also require the equation for a 2 when we truncate the third order correlations later, which is given by
The interaction of the cavity field with all the frequency classes results in the summation over all ensembles from k = 1 to 220. The above equations couple to σ k − and also to the correlations between the emitters and the cavity mode, namely aσ 
